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Abstract
Carrier synchronization in modern mass-market GNSS receivers typically relies on
traditional locked loop architectures for estimating and tracking the synchronization
parameters. Recently, it has been shown in the GNSS literature that that system
architectures based on Kalman filtering methods may be used in place of standard
locked-loop architectures, and may offer advantages over these architectures in terms
of filter robustness in time-varying environmental conditions and the development
of principled criterion for evaluating filter performance, among other things. One
of the practical challenges involved in the use of a Kalman filtering based approach
is the assumption of a well defined model of the process and measurement noise
covariances, but this information is not directly available a priori and may change
as channel conditions change during system operation. In this article, we propose
a fully Bayesian methodology to estimate the measurement noise covariance at the
same time that filtering takes place. An algorithm is proposed, which is validated
through computer simulations.

1. INTRODUCTION
Carrier synchronization in modern mass-market GNSS receivers relies on traditional
methods for estimating and tracking the synchronization parameters which are based
on delay-locked loop (DLL) and phase-locked loop (PLL) architectures. This standard
methodology also forms the basis of the tracking stage of GNSS-SDR. These locked loop
architectures derived from analogue signal processing techniques developed in the early
20th century, but have continued to be used in the digital domain due to their relative
simplicity and their effectiveness in benign propagation conditions. In some implementations, the PLL used in GNSS and other applications may be coupled to a frequency-locked
loop (FLL) in order to provide more reliable estimates of the carrier phase signal parameter offsets, mainly in high-dynamics scenarios. It has been shown in the GNSS literature,
however, that that system architectures which are instead based on standard Kalman Filter (KF) methods are not only also applicable to the code-delay and carrier-phase tracking
problem, but also that they may offer increased performance relative to traditional locked
loop architectures during harsh propagation conditions [5].
In addition to the advantages that Kalman filtering techniques provide over traditional
locked loop methods as described in the literature with respect to adaptive bandwidth
and a highly principled approach to state estimation[5], the equations of the Kalman
filter provide us access to a number of parameters which quantify the behavior of the
tracking segment of the GNSS receiver in more principled ways in comparison to those
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used with traditional architectures. For example, determining loss of lock in a locked
loop architecture is traditionally done by applying pre-defined thresholds to estimates
of the squared carrier signal-to-noise variance and carrier phase cosine for code lock detection and carrier lock detection respectively [2, 3]. By contrast, within the Kalman
filter framework, filter performance can be determined by evaluating the pre-fit residual
covariance, which provides a measure of the uncertainty between predicted and observed
measurements, as well as the posteriori state error covariance, which provides a measure
of the expected accuracy of the state estimate based on the covariance of the measurement pre-fit residual. In the traditional Kalman filter formulation, the estimate of the
pre-fit residual covariance used in the filter equations is computed deterministically from
the initial state error covariance and the properties of the model, with the result that the
posteriori state error covariance is actually agnostic to the actual measurements observed
by the filter. Although such a principled method for performing track loss determination
lies beyond the scope of this project, this provides another motivation for a transition
towards a Kalman Filter based architecture for future development.
One of the practical challenges involved in the use of a Kalman filtering based approach
is the assumption of a well defined model of the behavior of the parameters that the
system aims to track. In particular, information about the process and measurement noise
covariances is needed for optimal KF performance (i.e., optimal Kalman gain update),
but this information is not typically available a priori and in fact may change as channel
conditions change during system operation. A poor characterization of this process and
measurement noise may lead to poor performance during variable conditions; this is
precisely the conditions under which a Kalman filtering based approach should have the
greatest increase in performance over traditional DLL/PLL-based approaches due to its
inherently adaptive bandwidth. The challenge then becomes providing a suitable estimate
of noise covariances, and to update this estimate appropriately as the filter operates.
The literature describes a number of different techniques which typically approach the
problem of estimating Gaussian noise statistics by taking advantage of the statistical
properties of the innovation sequence. In this contribution we will describe and implement
a recently proposed Bayesian approach which applies Bayesian inference using conjugate
priors to the elements of the innovation sequence in order to estimate the first and second
moments of the measurement noise introduced by the arctangent discriminator present in
the tracking stage, as described in the GNSS-SDR documentation for the tracking stage
of the receiver.
In this document we describe the contributions to the GNSS-SDR project which we
have made over the course of Google Summer of Code 2018. In Section 2 we describe
our extension of the experimental Kalman filter tracking block previously implemented
in GNSS-SDR from a two-state Kalman filter to a three-state Kalman filter (i.e. first
order to second order system model). In Section 3, we introduce the proposed Bayesian
method for estimating noise statistics from a white, stationary discrete time stochastic
process. In 3.2, we will describe the preliminary assessment performed using MATLAB
modelling in 3.2 and finally in 3.3 we will describe the implementation of a support library
for incorporating the proposed Bayesian method into the GNSS-SDR framework. Lastly,
in 4 we will summarize our findings and propose future work which might expand upon
the work performed during this year’s Google Summer of Code.
2. EXTENDING THE 2-STATE KALMAN FILTER TO 3-STATES
One of the advantages in using a system architecture based on the Kalman filter is that
it is relatively trivial to update the architecture to reflect changes in the signal model.
In particular, it may be of interest in certain applications to extend a lower order state
space model to a higher order in order to perform a better estimate at each time instance,
3

or to make inferences about behavior. For example, although it possible to track the
position of a moving vehicle using measurements of position and estimates of velocity,
extending the model to include estimations of acceleration will provide a more robust
tracking framework and better estimates, it can also provide information about the forces
experienced by objects within the vehicle. In the case of GNSS tracking, it is sufficient
to perform 2-state estimation (code delay and doppler frequency) for the purposes of
obtaining a position fix, however, a more robust estimate of these parameters may be
obtained by extending to a second order model. Furthermore, by extending to a third
order model, it may be possible to make inferences about atmospheric scintillation effects
which may be used to mitigate interference [4] as part of future work. In this section
we will describe work which has been done to extend the 2-state experimental Kalman
filter present in the GNSS-SDR repository, which is used to perform parameter estimation
of a first order autoregressive signal model, to a 3-state Kalman filter, which is used to
perform parameter estimation of a second order autoregressive model.
2.1. GNSS signal model
The second order Taylor approximation of carrier phase at discrete time index t with
sampling period Ts is given by
θt = θ0 + 2πft tTs

(1)

which is parameterized by the tracking phase θt in radians, Doppler shift ft in hertz
[5]. This is the simplest autoregressive model of carrier phase propagation, and it has
been shown that application of a Kalman filter built around this model is sufficient for
performing carrier tracking under benign conditions. We may extend this approximation
by adding a third term to produce a third order Taylor approximation given by
1
θt = θ0 + 2π(ft tTs + f˙t t2 Ts2 )
2

(2)

.
with Doppler frequency rate f˙t in hertz per second. Defining a vector state xt =
[θt , fd,t , fr ,t ]> , we may represent this second order differential equation as a linear state
space model given by:

xt = Ft−1 xt−1 + νt−1 ,

νt−1 ∼ N (0, Qt−1 ),

(3)

yt = Ht xt + ηt ,

ηt ∼ N (0, Rt ),

(4)

with time-invariant state transition matrix


1 2πTs πTs2
1
Ts 
Ft−1 = 0
0
0
1

(5)

and direct observation observation model
Ht = [1, 0, 0]

(6)

It has been shown in the literature that there are two possible approaches to using a
Kalman filter for tracking the phase and Doppler states according to this model: the
error-state Kalman filter, and the standard linear or direct-state Kalman filter [6]. For
the purposes of this contribution we will be considering the direct-state Kalman filter as
it provides us straightforward access to the carrier phase observable and more similarly
approximates the structure of the phase locked loop architecture which it is meant to
4

replace. It is important to note that the input to this block is not the measurement
yt , but rather eφ , the output of the phase error estimation performed by the arctangent
discriminator. Within the context of the Kalman filtering equations, we can consider this
equivalent to the measurement residual or innovation. That is,
z̃t = eφ,t = zt − Ht xt

(7)

where zt is the "measured" carrier phase. In this way, we can directly use the phase
error computed by the arctangent discriminator within the filtering equations instead of
a computed value of absolute phase. This procedure introduces observation uncertainty
characterized by the ηt term in (4), drawn from a Gaussian distribution with zero mean
and variance computed from the carrier-to-noise density ratio C/N0 [1]. The state propagation uncertainty characterized by the νt−1 term is drawn from a Gaussian distribution
with zero mean and diagonal covariance chosen such that the propagation error for each
of the states is on the order of the truncated fourth order term, which may take nonzero
values typically due to ionospheric scintillation effects.
2.2. Initial values
The initial value for the phase error is assumed to be distributed uniformly in [−π, π] [5].
Since the Kalman filter relies on a Gaussian noise model, we approximate this as being
drawn from a Gaussian distribution with zero mean and variance σθ20 = π 2 /3. The initial
Doppler frequency shift is assumed to be distributed normally within the frequency bin
in which it was detected within the acquisition stage. This value is treated as three times
the standard deviation of a Gaussian distribution centered on the detecting bin. Finally,
the initial value for the Doppler rate is assumed to be distributed uniformly in [−0.5, 0.5]
hertz per second. Similarly to the case of carrier phase, we approximate this uniform
1
distribution as a Gaussian distribution with a mean of zero and a variance of 12
.
2.3. Implementation within GNSS-SDR
Implemetation of the 3-state standard Kalman filter within the GNSS-SDR framework
was made easier by the existance of a previously implemented 2-state standard Kalman
filter added during a past contribution. As a result, the following steps were taken to
implement a configurable Kalman filter:
• Add a configuration parameter allowing the user to select the order of the Kalman
filter
• Add a synchronization parameter between the acquisition stage and tracking stage
which communicates the Doppler bin width used for a particular acquisition
• Update the tracking block initialization to properly configure the Kalman filter
parameters for 2-state or 3-state operation
• Update the tracking block output to record the third state (Doppler rate) in the
dump file. Note that this value is always recorded as a floating point number, which
takes values of zero during 2-state operation
2.4. Interface
It should be noted that this implementation exposes the following parameter(s) to the
user via the tracking configuration property:
• order - specifies filter order, may be set to a discrete value of 2 or 3 (default: 2).
5

Additionally, the following floating point values are added to the dumpfile logging, and
must be accounted for in any bitwise parsing application looking to use these output files:
• d_carrier_dopplerrate_hz2 - contains the estimated Doppler rate state in Hz/s
2.5. Results
Testing of the 3-state Kalman filter was performed by way of a recorded data test. Data
recorded using a hardware receiver at CTTC in 2013 was played back through the GNSSSDR datapath using the 3-state Kalman filter configuration settings. A position fix was
obtained, and the Kalman filter outputs were recorded to a datafile and plotted using
MATLAB for visual analysis. The Kalman filter outputs for the 2-stage configuration
were also recorded and plotted for comparison. The following plots show those outputs
for two satellites, one with a high carrier-to-noise ratio and one with a low carrier-to-noise
ratio.

Figure 1: Comparison of Kalman filter outputs for 2-state Kalman filter tracking to
3-state Kalman filter tracking for GPS L1 C/A signal with PRN 11.
In the data used for this comparison, PRN 11 was received with a high signal to
noise ratio. Note that the Carrier Phase and Doppler Frequency estimates between the
two configurations are similar under these conditions, but that the 3-state Kalman filter
provides a relatively stable estimate of Doppler frequency rate, which may be a useful
measurement for certain GNSS applications. By contrast, PRN 27 was received with a low
signal-to-noise ratio, leading to signal several signal dropouts in the 2-state estimation.
By contrast, for the same signal from the same data set, the 3-state Kalman filter was
able to mitigate some of the effects of high noise (low carrier-to-noise ratio) conditions
by relying on the internal model of Doppler frequency propagation.
3. EXPERIMENTAL BAYESIAN COVARIANCE ESTIMATION
One of the challenges involved with any Kalman filter implementation is properly characterizing the process and measurement noise, denoted νt−1 and ηt respectively in the state
space equations (3) and (4). Traditionally, these values are estimated a priori through
time series analysis, and are implemented within the Kalman filter as constant values
6

Figure 2: Comparison of Kalman filter outputs for 2-state Kalman filter tracking to
3-state Kalman filter tracking for GPS L1 C/A signal with PRN 27.
Q and R. In general, however, there is no requirement within the Kalman filter that
they must be constant, and may instead take time-varying values Qt and Rt . As it is
a necessary condition of optimal filter performance that these values be accurate to the
underlying system being modeled, and as noise characteristics never remain constant in
real world applications, the most successful Kalman filter implementations are those that
are able to estimate the noise characteristics in real time, and update the filter parameters accordingly. In this contribution, we propose, implement and test a Bayesian method
for performing online measurement noise estimation within the framework of the 3-state
Kalman filter. We leave estimation and update of the process noise to a future contribution. In this section we will describe briefly this Bayesian method by which the Kalman
filter may adapt to changes in the process noise covariance, as well as describe the results
of testing this method with GPS L1 phase error measurements simulated according to
the state space model previously described in 2.1.
3.1. Iterative Bayesian Covariance Estimation within the Kalman Filter
This method leverages the innovations property of the Kalman filter: under convergent
conditions, the sequence of pre-fit residuals z̃t form a locally stationary white noise process. For a set of n samples of this stochastic process, z1:n = (z1 , . . . , zn ) ∼ N (µ, C), we
wish to determine the posterior distribution of these statistics given the observed data.
Application of Bayes’ rule yields to the expression
p(µ, C|z1:n ) ∝ p(z1:n |µ, C)p(µ, C)

(8)

where the first term corresponds to the likelihood of observations given unknowns and the
second term represents the a priori knowledge about µ and C. The likelihood distribution
turns out to be a Gaussian
p(z1:n |µ, C) = N (µ, C)
(9)
where both the mean and variance are unknown. Considering a priori distribution which
is conjugate to the likelihood allows us to obtain a closed form expression for the posterior
distribution which is of the same form as the priori distribution.
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p(µ, C) = N W −1 (µ, C; µ0 , κ0 , ν0 , Ψ)
p(µ, C|z1:n ) = N W

−1

(µ, C; µ̃0 , κ̃0 , ν̃0 , Ψ̃)

(10)
(11)

It is known that the conjugate of the normal distribution when both mean or covariance are unknown is a normal-inverse-Wishart distribution, and as such it is possible to
obtain an estimate of the posterior distribution we seek through iterative update of the
posterior parameters according to

µ̃R
=
0

R
κR
0 µ0 + zt
κR
0 +1

(12)

κ̃R
= κR
0
0 +1

(13)

ν̃0R

(14)

=

ν0R

+1

Ψ̃R = ΨR +

κR
0
+
κR
0

1

>
(zt − µR
0 )(·)

(15)

with z being the newly computed sample of the stochastic process. Finally, we can
marginalize the posterior p(C|z1:n ) with respect to µ and compute the maximally likely
(i.e. mean) estimate of the covariance as
Ĉmean =

Ψ̃
ν̃0 − ny − 1

(16)

Application of this method to the innovations sequence of the Kalman filter produces
an estimate of the innovations covariance, Σ̂y,t|t−1 which may be used in place of the
standard innovation covariance estimate
Py,t|t−1 = Ht Px,t|t−1 H>
t + Rt

(17)

3.2. Preliminary Assessment of Bayesian Covariance Estimation
Preliminary assessment of the Bayesian Covariance Estimation method was performed
in MATLAB using simulated GPS L1 signals rather than within the GNSS-SDR C++
framework. It was determined that prototyping and experimentation should be performed in MATLAB with data exhibiting completely known behavior before moving onto
implementation within the GNSS-SDR framework and testing using real-world data.
3.2.1

Implementation within MATLAB

Implemetation of Bayesian covariance estimation within MATLAB was performed by
creating a function which essentially performs the computations in (12) through (15),
with prior inputs and posterior outputs maintained by the calling function. Testing of
this method was performed according to the following steps:
• Compute initial signal parameter states according to the distributions described in
section 2.1
• Perform monte carlo iterations using noise generated according to chosen values of
Q and R to produce states and phase error observations for a simulated GPS L1
signal.
• Iteratively perform linear Kalman filtering according to the standard Kalman filtering equations over each element of the simulated measurement sequence
8

• Simultaneously, iteratively perform Bayesian covariance estimation using the innovations computed during the update step of the Kalman filter, keeping track of
priori and posteriori normal-inverse-Wishart parameters
• Once the Kalman filter has converged, update the innovation covariance term
Py,t|t−1 using the mean of the posteriori distribution as described in place of the
standard innovation covariance estimate within the Kalman filter.
3.2.2

Results

We tested the proposed methodology in an experiment in which the proposed Kalman
filter with Bayesian covariance estimation was applied to the same simulated linear multivariate GNSS signal model previously described under two different conditions: during
static conditions where the signal-to-noise ratio maintained a constant value of 30 dB-Hz
throughout the entire 10 second duration of the test, and during a simulated fading event
in which the signal to noise ratio drops to 19 dB-Hz at the 6th second of the test. In both
tests, Kalman filter convergence time was set to 1 second, or 1000 samples, at which time
the Bayesian estimator begins operation. After another 0.1 seconds, or 100 samples, the
Bayesian estimator is considered to have converged to a stable state, and the output of
the filter is used within the Kalman filtering equations.
Fig. 3 shows an example of the covariance estimates computed using the proposed
method, as well as the results using a popular frequentist method for performing covariance estimation known as the Myers method, for one of the trials of the stationary
experiment. Fig. 4 shows the root mean squared (RMS) covariance estimation error over
one-thousand trials. Upon converging, the Bayesian estimate varies significantly less than
the Myers method, and on average maintains a more accurate estimate of the covariance.
Fig. 5 shows the behavior of the state evolution, as well as Kalman state estimation
with and without Bayesian covariance estimation for a single trial of the fading experiment. Filter behavior both with and without covariance estimation is expectedly identical
to the behavior from the first experiment prior to the fading event. Once the signal becomes degraded however, the Kalman filter with Bayesian estimation is able to adapt
to the change in noise characteristics and maintain a lower overall estimation error for
the remainder of the experiment. This improvement in performance is explained in Fig.
6, which shows that while the Kalman filter with Bayesian estimation gradually adapts
towards the new covariance, the standard Kalman filter continues to operate with an
underestimate of the true covariance leading to a loss of optimality.
In addition to informing the implementation of this Bayesian estimation method
within GNSS-SDR, we intend to publish and present these results in the upcoming ION
GNSS+ 2018 conference in September 2018.
3.3. Implementing Bayesian Covariance Estimation within GNSS-SDR
Having demonstrated the effectiveness of Bayesian covariance estimation within the context of GNSS carrier tracking with simulated GPS L1 signals in 3.2, the next and final
step of this contribution was to incorporate configurable Bayesian measurement noise
estimation into the GNSS-SDR framework.
3.3.1

Implementation within GNSS-SDR

Implementation within the GNSS framework presented two important challenges: operation of the Bayesian estimation needed to be optional and configurable, and results
on the performance needed to be demonstrable. Unlike the MATLAB implementation
described in 3.2.1, which took the form of a standalone function which operated on externally maintained variables containing the distribution parameters, Bayesian estimation
9
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Figure 3: Variance estimation results for the linear/Gaussian multivariate system
(N=1). Comparison of Myers approach and the proposed methodology.
within the GNSS framework was implemented as an external library containing a class
which maintains its own internal state. Performing Bayesian estimation with this class
mimics other filter implementations: the class is initialized with a priori values when
tracking begins, and updates its internal parameters and estimates based on data input
through an update function.
Once the Bayesian estimation library had been implemented, it had to be incorporated
into the Kalman filter framework in a configurable way. Since the appropriate initial value
of Ψ is derived from the initial estimate of the noise covariance provided by the signal-tonoise ratio estimator within the tracking block, this implementation exposes the following
parameter(s) to the user via the tracking configuration properties by which the behavior
of Bayesian covariance estimation may or may not be performed:
• bce_run - specifies whether or not to perform Bayesian covariance estimation, may
be set to true or false (default: false)
• p_transient - specifies the number of Kalman filter iterations to perform before
beginning Bayesian covariance estimation, may be set to an integer value greater
than or equal to zero (default: 0)
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Figure 4: Root mean squared error of variance estimation for the linear/Gaussian
multivariate system for stationary process noise (N=1000). Comparison of Myers
approach and the proposed methodology.
• s_transient - specifies the number of Bayesian covariance estimation iterations to
perform before using the estimate to update the Kalman filter parameters, may be
set to an integer value greater than or equal to zero (default: 0)
• bce_nu - specifies the initial ν parameter of the Bayesian covariance estimation
which is used to tune convergence rate and a priori confidence, may be set to an
integer value greater than or equal to zero (default: 0)
• bce_kappa - specifies the initial κ parameter of the Bayesian covariance estimation
which is used to tune convergence rate and a priori confidence, may be set to an
integer value greater than or equal to zero (default: 0)
Finally, in order to make the results of the Bayesian estimation demonstrable, the
innovations sequence variance computed by the Bayesian covariance estimation was added
to the data recording procedure for the tracking block, and new MATLAB parsing and
plotting functions were added in order to produce the figures shown in 2.5 and 3.3.2. To
this end, the following floating point values are added to the dumpfile logging, and must
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Figure 5: Signal parameters and state estimation results for the linear/Gaussian
multivariate system for time varying process noise with strong fading at six seconds
(N=1). Comparison of standard Kalman filtering approach and the proposed
methodology.
be accounted for in bitwise parsing applications looking to use these output files:
• d_carr_phase_sigma2 - contains the estimated process noise variance Rt
In order to make use of these new data structures, new MATLAB parsing and plotting
functions have been added to the utilities directory for making plots which are specific to
the Kalman filter architecture.
3.3.2

Results

Unfortunately, as of August 14, 2018 an unresolved runtime error triggered by integration
of the Bayesian estimation class within the Kalman tracking block prevents use of this
library for processing recorded GPS L1 C/A data. Instead, a GTest unit test was added to
the GNSS-SDR unit test library which checks that the Bayesian estimator class produces
a valid output for a large number of iterations with random input. Based on these
findings, we are confident that the mathematical basis and numerical operation of the
library we implemented are sound, and that based on the preliminary testing performed
12
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Figure 6: Variance estimation results for the linear/Gaussian multivariate system or
time varying process noise with strong fading at six seconds (N=1). Comparison of
standard Kalman filtering approach to the true value of the process noise variance and
the static value of the standard Kalman filter.
in MATLAB, the estimator should perform as expected with real world data. We believe
that the issues we encountered in integrating the library with the tracking block are
related to the multithreaded operation of the receiver, and based on this knowledge we
believe that we will be able to acchieve a fix within the next few weeks.
4. CONCLUSIONS AND FUTURE WORK
Over the course of Google Summer of Code 2018 we have made several contributions
to GNSS-SDR open-source GNSS receiver project. As the report shows, however, the
ultimate goals of this project, testing the Bayesian covariance estimation method with
real-world GNSS data, was not fully accomplished. Nevertheless, significant progress has
been made toward that goal through experimental design, modelling and implementation,
and it is our firm belief that with a bit more effort, completion of that final goal is well
within reach.
In summary, the contributions we have made this summer are expansion of the ex-
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perimental Kalman filter tracking block to include a configurable 3-state Kalman filter
which operates according to a second order system model. Following this, we performed
preliminary assessment of a proposed Bayesian method for estimating noise statistics
from a white, stationary discrete time stochastic process, which promises to increase the
versatility of the Kalman filtering approach during suboptimal noise conditions. Finally,
we implemented and integrated a support library for performing the proposed Bayesian
method into the GNSS-SDR framework.
The immediate future work is self evident: issues involved with integrating the Bayesian
estimation library into the GPS L1 C/A tracking gnuradio block must be resolved. Following this however, the primary work should be to expand upon the Kalman filter
framework to a joint code/carrier framework which replaces both DLL in addition to the
PLL from the traditional locked-loop framework. In addition to this, research should be
done into using nonlinear extensions of the Kalman filter to perform Kalman filter using
pilot signals rather than the arctangent discriminator. Finally, these concepts may be
expanded to include other signals beyond GPS L1 C/A, such as those associated with the
European Galileo GNSS system, the Russian GLONASS system and the Chinese BeiDou
system, among others.
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