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2a. Non-collocated P-Control (Stable Case):

Figure 1: Non-collocated P-Control Stable Case

2b. Non-collocated P-Control (Critically Stable Case):

Figure 2: Non-Collocated P-Control Critically Stable Case Kp=0.17
Kp value = 0.17
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2c. Non-collocated P-Control (Unstable Case):

Figure 3: Non-Collocated P-Control Unstable Case

2d. Collocated P-Control:

Figure 4: Collocated P-Control Case
2e. Comments:
- 2a approximately 30 mm of error occurs during acceleration and deceleration and there is a delay
between the commanded position and actual position of both carts.
- 2b in the critically stable case, the actual position of both carts are very close to the commanded
position. There is also less error.
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- 2c in the unstable case, the cart deviates from the commanded position and diverges. The error
increases as the position of the carts deviate from the commanded position.
- 2d error only occurs in the acceleration and deceleration. The position for both carts are very similar to
the commanded position.
- Advantages: increasing the gain reduces the error in the acceleration and decelerations of the
non-collocated case.
- Disadvantages: increasing the gain affects the carts’ position. As the gain increases, the carts’ actual
position becomes more unstable.
3a. Step Response Measurement:

Figure 5: Velocity of Carts at 1 V

Figure 6: Velocity of Carts at 1.5 V
3

3c. Parameter Identification from Step Response:
For 1 V:
V 1ss = V 2ss = 75 =

1−d T
bT

For 1.5 V:
V 1ss = V 2ss = 125 =

1.5−d T
bT

d T = d 1 + d 2 = 0.45631
b T = b 1 + b 2 = 0.0097

1
First order transfer function: τ s+1
The time constant is observed at 63% of the rise time to be 0.0756 seconds.
0 = 0.0756s + 1
s =− p =− 13.2275

13.2275 =

bT
mT

=

0.0097
mT

m T = 0.00073332
From the values of α, β, and γ given in the lab manual, the following values can be solved:
d1 = 0.4148
d2 = 0.04148
m1 = 0.00047618
m2 = 0.000257138
b1 = 0.00881
b2 = 0.000881
ω d is observed to be 3 Hz (2 π )= 18.85 rad/s
- The calculated values after finding the convergence iteratively are: ζ = 0.1381 , ω n = 19.03 ,
k = 0.060467
3d. Model Validation with Time Domain Simulation:

Figure 7: Experimental & Simulated Velocity at 1.5 V
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3e. Model Validation with Frequency Domain Data:
Table 1: Frequency Domain Data
Frequenc
y [Hz]

Gain (v1
 /u)
[(mm/sec)/V]

Phase
(v1/u) [deg]

Gain (v2
 /u)
[(mm/sec)/V]

Phase (v2

/u) [deg]

Observation

0.5

72.41

-11.77

74.27

-19.56

Smooth, m2 moved in

1

59.90

-19.49

67.91

-38.34

sync with m1, almost
unnoticeable delay

1.5

52.67

-24.15

67.15

-58.93

m2 is starting to be

2

46.91

-22.15

69.39

-80.58

off-sync with m1.
Noticeable delay

2.5

48.82

-19.33

65.56

-108.69

Motions are smaller, and

3

62.07

-28.00

61.12

-145.72

m1 and m2 are moving in
opposite directions

3.5

60.45

-42.74

35.03

-169.29

M1 is moving noticeably
more than m2

4

51.24

-52.57

10.71

-171.00

M2’s movements are

4.5

46.44

-56.58

10.14

170.20

minimal

5

38.66

-58.39

0.58

-171.32

M1’s movements are

8

21.57

-71.19

0.02

-167.52

jittery and m2 nearly

12

13.52

-69.20

0.07

119.83

does not move

16

9.60

-66.35

0.01

108.98

M1’s movements are so

20

5.87

-78.84

0.09

115.04

jittery, the cart moves up
and down
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Figure 8: Theoretical velocity response of G1

Figure 9: Theoretical velocity response of G2

4a. Gain Selection:
For PM = 0:
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Figure 10: Loop Bode, Nyquist and Closed Loop Step Response plots at Critical Gain
- Critical controller gain is 0.102
Verify analytically that this controller gain does indeed cause the loop transfer function to have a
gain of 1 at the frequency where the phase shift is equal to -180:
- This can be done by using matlab’s bode function:
[mag, phase] = bode(G2, 15.9)
mag * 0.102 == 1 with tolerance
- For PM = 30

Figure 11: Loop Bode, Nyquist and Closed Loop Step Response plots at PM of 30
What is the value of this gain? C = 0.0989
Where does the crossover frequency occur? 12 rad/s
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Is the design specification #1 ( wc >= 25 [rad/sec]) satisfied? No it is not
What it your intermediate conclusion regarding the use of only P-control in trying to stabilize the
flexible drive?  Only a P-control does not have enough bandwidth, it is not fast enough to respond to
inputs for the specified design
Which controller design specifications can be met? The Phase margin specification can be met, but
not the others
4b. Notch Filter Design:

Figure 12: Loop Bode, Nyquist and Closed Loop Step Response plots with Notch Filter added
-

Crossover freq = 6.02 rads/s which is lower than 4a
Doesn't get close to -1 on the Nyquist and GM = 2.06. Both of these are better than 4a.
Rise time is 0.191 s, which is a lot slower than 4a but overshoot is 43.8% which is lower
The main contribution of the notch filter is attenuating the resonance peak in the bode plot

4c. Lead Filter Design:
- The calculations for finding Φmax and α are included in the controller design code included in the
Appendix.
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Figure 13: Loop Bode, Nyquist and Closed Loop Step Response plots with Lead Filters added
- The Kp calculated for this step is: 11.1576
4d. Experimental Tracking: Notch and Double Lead Compensation:

Figure 14: Experimental Results for Notch and Double Lead Compensation
4e. Simulation Result: Notch and Double Lead Compensation:
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Figure 15: Simulation and Experimental results overlaid for Notch and Double Lead Compensation
- This controller is stable, and is somewhat able to make cart 2 follow the trajectory
- Subplot 2 shows that there is significant delay in the response of cart 2, both in simulation and
experimental results
- Subplot 2 also shows that cart 2’s response is undershooting our desired trajectory
- The simulation and experimental results closely align in all plots. A notable difference in the control
signal plot is a much cleaner signal without noise, even though they follow the same trend. This is
expected of a simulation vs. real world result.
- This noisier control signal also couples with a jerkier movement observed for cart 1 in real life than in
the simulation.

4f. Lag Filter Design:
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Figure 16: Bode Plot with Lag Filter added

Figure 17: Nyquist, command and disturbance step responses with Lag Filter added
- Stability margins are good, the PM exceeds our requirement of 30 but GM falls slightly below the 2
requirement at 1.77. This is considered close and the controller is still deemed to be stable.
11

- Command response rise time is 0.05s, which is very quick and much quicker than before. Overshoot is
40.6% which is also an improvement from before
- The largest error magnitude due to step disturbance is 6.15mm
- The final Kp value is: 11.4862
4g. Experimental Tracking: Notch, Double Lead and Lag Compensation:

Figure 18: Experimental Results for Notch, Double Lead and Lag Compensation
4h. Simulation Result: Notch, Double Lead and Lag Compensation:

Figure 19: Simulation and Experimental results overlaid for Notch, Double Lead and Lag Compensation
- There is a noticeable improvement in tracking after the lag filter is added. The undershooting in cart 2’s
tracking that existed before is now eliminated.
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- Some delay still persists in cart 2’s tracking, more easily observable in the second hump of the
trajectory. However, it is much improved compared to without the lag filter.
- Simulated and experimental results match very closely. Similarly to before, the control signal is much
noisier in real life when compared to simulation, even though both follow the same average trend.
- This noisier control signal also couples with a jerkier movement observed for cart 1 in real life than in
the simulation.
4j. Experimental Tracking: Notch, Double Lead, Lag and Feedforward Compensation:

Figure 20: Experimental Results for Notch, Double Lead, Lag and Feedforward Compensation

4k. Simulation Result: Notch, Double Lead, Lag and Feedforward Compensation:
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Figure 21: Sim. and Exp. results overlaid for Notch, Double Lead, Lag and Feedforward Compensation
-

There is significant improvement in the tracking of cart 2. All of the delay still persisting in the previous
step is now eliminated.
The only deviation of cart 2’s trajectory from the control trajectory is slight overshoot in the transition
zones of the trajectory.
As before, the simulation and experimental align for all plots and increased noise in the real life control
signal results in jerkier motion of cart 1. However, the control signal plot for the simulation result is very
different. The feedforward compensation significantly alters the behaviour of the control signal in
simulation so that it looks very different from real life.

4l. Final Comments:
There is considerable improvement in going from a P-control controller in part 2a to the feedforward
controller in part 4j. The original design starts with significant phase delay and undershoot (tracking error)
in cart 2’s trajectory with very poor disturbance rejection and stability. All of these flaws are eliminated by
the end of the design steps. These design steps are what is known as loop-shaping controller design. The
stability margins and tracking accuracy are outlined in Table 2 below.
Table 2: Controller Stability Margins and Accuracy at ω c = 25 rad/s
GM (absolute)

PM (degrees)

MAX error (mm)

RMS error (mm)

P-control

1.03

30

30.0399

17.7875

Notch, Double
Lead

1.87

37.8

8.5688

5.3726

Lag Filter

1.77

34.4

6.2778

3.5343

Feedforward

1.77

34.4

3.3453

1.5942

Matlab Appendix
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%%Variables%%
d1 = 0.4148;
d2 = 0.04148;
m1 = 0.00047618;
m2 = 0.000257138;
b1 = 0.00881;
b2 = 0.000881;
m_t = m1 + m2;
b_t = b1 + b2;
c = 0;
w_d = 18.85;
Ts = 0.001;
zeta = 0.01;
%%Iteration%%
for x = 1:101
w_n = w_d/sqrt(1-zeta*zeta);
k = m1*m2*w_n*w_n/(m1+m2);
a1 = (m1*b2+m2*b1+(m_t)*c)/(m1*m2);
a2 = (b1*b2+(b_t)*c+(m_t)*k)/(m1*m2);
a3 = (b_t)*k/(m1*m2);
H = tf([(c/(m1*m2)) (k/(m1*m2)) 0],[1 a1 a2 a3 0]);
damp(H);
zeta
= zeta+0.01;
end

3e source code
clear;
close all;
names = {'0_5','1','1_5','2','2_5','3','3_5','4','4_5','5','8','12','16','20'};
w_arr = zeros(length(names),1);
gain1_arr = zeros(length(names),1);
phase1_arr = zeros(length(names),1);
gain2_arr = zeros(length(names),1);
phase2_arr = zeros(length(names),1);
for i = 1:length(names)
curr_name = char(names(i));
data = load(sprintf('result_3b_%s.txt',curr_name), '-ascii');
t = data(:,1);
u = data(:,4);
v1 = data(:,2);
v2 = data(:,3);
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freq = str2double(strrep(curr_name,'_','.'));
omega = 2*pi*freq;
w_arr(i) = omega;
[u_amp, u_phase] = fit_sine_wave(t, u, omega);
[v1_amp, v1_phase] = fit_sine_wave(t, v1, omega);
[v2_amp, v2_phase] = fit_sine_wave(t, v2, omega);
gain_v1_u = v1_amp / u_amp;
gain_v2_u = v2_amp / u_amp;
v1p = v1_phase * 180/pi;
v2p = v2_phase * 180/pi;
up = u_phase * 180/pi;
freq
disp(sprintf('%0.2f %0.2f %0.2f %0.2f\n',gain_v1_u,v1p,gain_v2_u,v2p));
gain1_arr(i) = v1_amp;
phase1_arr(i) = v1_phase*180/pi;
gain2_arr(i) = v2_amp;
phase2_arr(i) = v2_phase*180/pi;
end
m1 = 0.00047618;
m2 = 0.000257138;
m_t = m1+m2;
b1 = 0.00881;
b2 = 0.000881;
b_t = b1+b2;
k = 0.060467;
c = 0;
wn = 19.03;
zeta = 0.1381;
x = logspace(-1,3,1000);
d1
d2
d3
d4

=
=
=
=

m1*m2;
(m1*b2+m2*b1+m_t*c);
(b1*b2+b_t*c+m_t*k);
b_t*k;

%G_1(s)*s
n1 = m2;
n2 = b2+c;
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n3 = k;
H1 = tf([n1 n2 n3],[d1 d2 d3 d4]);
[g1_amp , g1_phase] = bode(H1,x);
%G_2(s)*s
n1 = c;
n2 = k;
H2 = tf([n1 n2],[d1 d2 d3 d4]);
[g2_amp, g2_phase] = bode(H2,x);
figure();
subplot(2,1,1);
loglog(x, squeeze(g1_amp), w_arr, gain1_arr, '*');
title('Bode Plot G1');
ylabel('Magnitude (dB)');
subplot(2,1,2);
semilogx(x, squeeze(g1_phase), w_arr, phase1_arr, '*');
ylabel('Phase (deg)');
xlabel('Frequency (rad/s)');
figure();
subplot(2,1,1);
loglog(x, squeeze(g2_amp), w_arr, gain2_arr, '*');
title('Bode Plot G2');
ylabel('Magnitude (dB)');
subplot(2,1,2);
semilogx(x, squeeze(g2_phase), w_arr, phase2_arr, '*');
ylabel('Phase (deg)');
xlabel('Frequency (rad/s)');

Question 4 controller design code:
%% CONTROLLER DESIGN
% clear all;
% clc;
%% known parameters
alpha = 0.54; % m2 / m1
beta = 0.1; % b2 / b1
gamma = 0.1; % d2_coul / d1_coul
%% assumed parameters CHANGE THESE ONCES PART 1 is DONE!!!
m1 = 0.00047618; %[V / (mm / sec^2)]
m2 = 0.000257138; %[V / (mm / sec^2)]
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b1 = 0.00881; %[V / (mm / sec)]
b2 = 0.000881; %[V / (mm / sec)]
d1_coul = 0.4148; %[V]
d2_coul = 0.04148; %[V]
k = 0.07; %[V / mm]
Kp = 3.3; %[V / mm]
% a = 8;
% b = 75;
c = 0; % lab manual said 3 but should be 0
d = 0.03;
%notch filter param
wn = 19.03236; %[rad / sec]
zeta = 0.1381; %[]

18.6389

%% 4a Gain Selection
s = tf('s');
a1 = (m1*b2 + m2*b1 + (m1 + m2)*c) / (m1*m2);
a2 = (b1*b2 + (b1+b2)*c + (m1+m2)*k) / (m1*m2);
a3 = ((b1+b2) * k)/ (m1*m2);
G2 = (1/(m1*m2)*(c*s + k))/(s*(s^3 + a1*s^2 + a2*s + a3))
% specifications for the controller
wc = 25; %[rad / s] cross over frequency
GM = 2.0; % gain margin
PM = 30; %[deg] phase margin
% zero steady state error disturbance;
% minimal tracking error in controlling the position of the 2nd cart (i.e.
minimize e = xr - x2 ).
[MAG, PHASE] = bode(G2, 13.3);
MAG * 0.0949
% gain at PM = 0.0216 is C Gain = 0.0949
[MAG2, PHASE2] = bode(G2, 9.22);
MAG2 * 0.0884
% gain at PM = 30 is C Gain = 0.0884

gain is == 1

gain is == 1

% sisotool(G2)
sensitivity = feedback(1, G2)
% figure(1)
% bode(sensitivity)
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%% 4b Notch Filter Design
% wn and zeta of the oscillatory poles ( p3,4 ) were identified in Part 3c
Gnotch = (s^2 + 2*zeta*wn*s + wn^2) / (s^2 + 2*wn*s + wn^2)
% figure(2)
% bode(G_notch)
C = k * (1/wn^2*s^2 + 2*zeta/wn *s + 1) / ((1 + s/wn)*(1+ s/wn))
% sisotool(G_notch)
% crossover freq = 5.05 rads/s
[mag_notch, phase_notch] = bode(G2*Gnotch, 25);
phase_notch
%% 4c Lead Filter Design
% need two lead fitlers
phase_lead = (-phase_notch - 140)/2 * pi /180
alpha_lead = (1 - sin(phase_lead)) / (1 + sin(phase_lead))
1/ alpha_lead
a = wc * sqrt(alpha_lead) % zero of lead filter
b = a * 1 / alpha_lead % pole of lead filter
Glead = (s + a) / (s + b)
% figure(3)
% bode(G_lead)
lead_ratio = a/b
phase_lead = asin((1 - lead_ratio) / (1 + lead_ratio))
freq_phase_lead = a / sqrt(lead_ratio)
[mag_G2, phaseG2] = bode(G2, 25)
[mag_Gnotch, phase_Gnotch] = bode(Gnotch, 25)
[mag_Glead, phase_Glead] = bode(Glead, 25)

Kp = 1 / (mag_G2 * mag_Gnotch * (mag_Glead)^2)
%% 4f Design of Lag Filter
% d < c
% alpha = c/d
% alpha > 1
c_lag = wc / 6.5
d_lag = 0.01 * c_lag
Glag = (s + c_lag) / (s + d_lag)
[mag_Glag, phase_Glag] = bode(Glag, 25)
Kp = 1 / (mag_G2 * mag_Gnotch * (mag_Glead)^2 * mag_Glag)
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