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1.0 Introduction
This lab is part of a project that focuses on creating a control system to position a ball on
a beam by controlling the beam incline. The beam consists of two parallel rods that form a
potentiometer with the ball to determine the ball's position. The beam is controlled by a DC
motor through a gear system and a lever arm (see Figure 1 below).

FIGURE 1: T
 he plant: a “ball and beam” apparatus. [1]
Essentially the ball will be controlled by voltage of the motor that is converted into an angle by
the control system that is created in LabView and GWiz plug in. The mathematical theory can be
observed in the diagram below (Figure 2).

FIGURE 2: The plant: a “ball and beam” apparatus. [1]
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This lab focuses on designing the outer loop controller (C2) and controlling the ball position. The
plant now becomes the components within the dotted lines outlined in Figure 3.
In particular, the emulation design process is used to design a discrete-time controller for driving
the position of the ball.

FIGURE 3: Inner/outer loop control configuration for the linearized plant.[1]
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2.0 Outer Loop Controller Design
This section outlines the steps to designing an outer loop controller through exploring
different controllers, step sizes and configurations. The progressive steps will improve the
performance to meet the following final specifications outlined in the lab manual:
● The (linearized) feedback system is stable.
● For a square wave input starting from 0.10 [m] to 0.25 [m]:
○ The step response steady-state error is less than 4%
○ The step response 2% settling time is no more than 10 seconds
○ The step response overshoot is less than 45%
○ 𝜃ref ( t) saturation is permitted, because the step size is so large, but the saturator
must be present.
All parameters verified and/or calculated in previous labs are carried over unchanged. From Lab
1 the value for K1 is -1.23 and the value of τ is 0.026. The gear angle scaling also determined
in Lab 1 is y = -1.2202*x + 8.0914, where x is the potentiometer voltage and y is the
gear angle in radians. From Lab 2, the motor stiction offset is +0.48/-0.82V for clockwise
and counterclockwise rotation, respectively. Additionally, the values of K2 and K3 are
0.062

and 4.78, respectively. The ball position scaling is y = 0.10467*x - 0.34185, where x
is the linear potentiometer voltage and y is the ball position in meters. Lastly, the inner loop
controller is also carried over unchanged, its discretized transfer function is as follows:
C inner =− 7.593 z−0.57158
z − 0.4917

2.1 Lead Controller Simulation (Part A)
First, the system is simulated with Simulink for a 0.10m peak-to-peak square wave (from
0.15 to 0.25m) with the controller below:
C 2LD (s) = 7

s+0.35
3+2.5

The simulink model used to simulate this controller is shown below in Figure 3. It closes the
loop around the inner loop developed in Lab 2 with the plant model also verified in Lab 2.
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FIGURE 3: Simulink Model used to simulate initial lead controller design
The response of the system with this controller is shown in Figure 4 below. The controller is
stable and with no steady state error. There is also an overshoot of approximately 15% when the
step size is 0.1 [m] (from 0.15 [m] to 0.25 [m]).

FIGURE 4: Response of the system using the controller provided in part a)

2.2 Discretization and Implementation of Lead Controller (Part B)
In order to implement this controller in the lab setup, it must first be discretized. This is
done using the c2d function in MATLAB, the code for which is included in the Appendix. The
bilinear discretization method is used with a sample period of 1ms. The 1ms sample period is
chosen because it is the fastest sample period of the lab setup, ensuring that no aliasing issues are
introduced. The code determines the a,b,c and d coefficients of the time domain controller which
is represented by the following general formula provided in the lab manual:
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u[k] = − dc u[k − 1] + ac r[k] + bc r[k − 1]
Using this formula, the code for the lab setup can be written, and is also included in the
Appendix. The experimental response of this system is shown below in Figure 5.

FIGURE 5: Experimental performance of lead controller
The response is symmetrical, but there is considerable steady state error (approximately 20%)
that biases the ball position to always be above the commanded position. This is unlike the
simulation results and is a result of the non-linearities in the real setup. Internal model principle
tells us that integrators in the closed loop transfer function should eliminate this steady state
error. However, the internal integrators do not have an effect on the external non linearities such
as ball stiction. The point of an integrator is to accumulate error to be large enough that will
force the controller to correct, which can not be done with the internal model of the plant.

2.3 Design of Improved Controller through Emulation (Part C)
In order to overcome poor tracking by the lead controller in section 2.2, a new controller
is designed using emulation and pole placement techniques including an integrator term to
eliminate the steady error observed. For designing the first iteration of the outer loop controller a
new set of requirements are selected for a smaller square input range. The specifications are
listed below:
● For a square wave input from 0.15 [m] to 0.18 [m]:
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○
○
○
○

The step response steady-state error is zero.
The step response 2% settling time is no more than 7 seconds
The step response overshoot is less than 45%
𝜃ref ( t) does not saturate.

First, the inner loop has fast response and large bandwidth characteristics, thus it can be
approximated as a unity gain component. The plant model can then be approximated as shown
below:
P ( s) =

K 2 *K 3
s2

This plant is then augmented to include the integrator term required to eliminate the steady state
error. Using emulation, a controller is then designed using the pole placement technique to
stabilize the augmented plant shown below.
1
s

P aug ( s) = P (s) *
P aug ( s) =

K 2 *K 3
s3

Using the pole placement technique, the 2n-1 rule means that five poles are chosen since the
plant is third order. Calculating the good region components with the overshoot constraint of
os = 45% and settling time requirement of T smax = 7s solving for the damping ratio:
ζ=

(

os )2
log( 100
os 2
log( 100
) +π 2

)

1
2

ζ = 0.864512785090837
Next, solving for the natural frequency:
4
wn ≤ T smax
*z
wn ≤ 2.319672831207962
Finally, solving for the angle:
θgood ≤ acos(ζ) *

180
π

θgood ≤ 75.738953273799908
Thus, the distance from the origin on the x-axis is − ζ wn = − 0.571428571428571 .
This defines the stable region for our poles shown below in Figure 6 (coloured in white).
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FIGURE 6: The stable region outlined by the specifications in section 2.3
The poles chosen for pole placement are [-0.6, -0.6, -2.5, -2.5, -2.5], which lie
within the good region. Appendix Part C code shows the pp() function that is used to solve
for the controller. The controller calculated is shown below:
C2 =

137.8s2 +86.04s+18.98
s2 +8.7s+28.11

The controller is then tested using the Simulink simulation shown in Figure 7. The controller
calculated ends up unstable, thus, it is fed into the sisotool() from MATLAB. Using
MATLAB's control system designer and optimization based tuning method the location of poles
and zeros for the current controller are tweaked to obtain a desirable response. After optimization
the returned controller (below) is evident to have extremely high gain and thus saturates the
angle as well as the motor voltage. This can be seen in simulation Figures 8, 9, and 10.
C2 =

1999(s2 +0.392s+0.03842)
s2 +17.71s+168.2
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FIGURE 7: Outer loop controller simulation

FIGURE 8: 0.15 [m] to 0.18 [m] step response of the C2 optimized controller
Yellow and red lines are overshoot limits for 0.15 [m] and 0.18 [m] steps to make sure the
controller meets the overshoot specification of 45% (Figure 8).
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FIGURE 9: Motor voltage saturation of the C2 controller for a 0.15 [m] to 0.18 [m] step
The limits for motor voltage saturation are displayed using the yellow and red lines on Figure 9.

FIGURE 10: Angle saturation [𝜃ref ( t) ] of the C2 controller for a 0.15 [m] to 0.18 [m] step
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The optimized controller, although stable, does not satisfy the requirements of saturation, thus,
the poles and zeros as well as gain are adjusted manually using the root locus sisotool. The
adjusted controller ends up with a zero very close to the integrator, however meets all the
specifications as shown in Figures 11, 12, and 13. Note, the initial step to 0.15 [m] shows the
saturation of motor voltage and gear angle because it is a much larger step size than 0.03 [m].
The specifications do not place constraints on a step size this large so the controller remains
valid. The tuned controller is shown below. Table 1 summarizes the controller's performance.
C tuned =

625.1s2 +251.3s+18.75)
s2 +52.71s+168.2

Table 1: Controller Simulation Performance
Specification

Observed Performance

Step Response Steady State Error

Max. 0%

Step Response 2% Settling Time

Max. 4.554 seconds

Step Response Overshoot

Max. 5.63%

FIGURE 11: 0.15 [m] to 0.18 [m] step response of the Ctuned
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Again the overshoot limits are shown by the yellow, red and purple lines, for which the 0.03 [m]
step response is in the clear. Additionally, the response settles within 7sec without further
oscillation.

FIGURE 12: Motor voltage saturation of the Ctuned for
a 0.15 [m] to 0.18 [m] step

Further, the motor voltage response no longer saturates (shown by the yellow and red limits of
6.0V) for a 0.03 [m] step input simulated in both direction (again ignoring the 0.15 [m] step
initially) shown in Figure 12.

FIGURE 13: Angle saturation [𝜃ref ( t) ] of the Ctuned for a 0.15 [m] to 0.18 [m] step
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Lastly, the gear angle saturation is eliminated (limits of 0.7[rad] are yellow and red lines) for the
0.03 [m] step input shown in both directions.

2.4 Simulation, Discretization and Implementation of Improved
Controller (Part D)
The tuned controller is discretized using bilinear method (with the c2d MATLAB
function) with a sampling time of 1.0ms, the same as the inner loop. The controller in z-domain
is shown below.
3 −0.3044z 2 −0.3046z+0.3044
C d = 0.3046z
z 3 −2.948z 2 +2.897z−0.9486
Simulation results for the discretized controller for step size of 0.15 [m] (travelling from 0.10
[m] to 0.25 [m]) are shown in Figures 14, 15, and 16. The figures illustrate saturation of the gear
angle and the motor voltage (limit lines as described above), which is normal since the step size
increased 500%. Table 2 summarizes the performance of this controller.
Table 2: Discretized Controller Simulation Performance
Specification

Observed Performance

Step Response Steady State Error

Max. 0%

Step Response 2% Settling Time

Max. 6.165 seconds

Step Response Overshoot

Max. 39.63%
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FIGURE 14: 0.10 [m] to 0.25 [m] step response of the Cd

FIGURE 15: Motor voltage saturation of the Cd for
a 0.10 [m] to 0.25 [m] step
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FIGURE 16: Angle saturation [𝜃ref ( t) ] of the Cd for a 0.10 [m] to 0.25 [m] step
Continuing forward with the discretized controller the steps below show the conversion of the
controller into time domain.
T (z) =

U (z)
R(z)

=

T (z) =

0.3046z 3 −0.3044z 2 −0.3046z+0.3044
z 3 −2.948z 2 +2.897z−0.9486
U (z)
R(z)

az 3 +bz 2 +cz+d
ez 3 +f z 2 +gz+h
R(z)(az 3 + bz 2

=

U (z)(ez 3 + f z 2 + g z + h) =

+ cz + d)

Expanding and applying the notation samples from Table 1 of the lab manual:
eu[k + 3] + f u[k + 2] + g u[k + 1] + hu[k] = ar[k + 3] + br[k + 2] + cr[k + 1] + dr[k]
Since future samples are not available, all samples are shifted to real time and rearrange for u[k]:
eu[k] + f u[k − 1] + g u[k − 2] + hu[k − 3] = ar[k] + br[k − 1] + cr[k − 2] + dr[k − 3]
eu[k] = − f u[k − 1] − g u[k − 2] − hu[k − 3] + ar[k] + br[k − 1] + cr[k − 2] + dr[k − 3]
u[k] = − ef u[k − 1] − ge u[k − 2] − he u[k − 3] + ae r[k] + be r[k − 1] + ce r[k − 2] + de r[k − 3]
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The discretized controller is implemented in the formula node; the code and 15-digit coefficient
values are included in the Appendix. The response of the system using this controller is tested in
the experimental setup and is shown below in Figure 17.

FIGURE 17: Experimental results of discretized controller Cd
It is clear from the experimentation that all design specifications are not met. There is still a
considerable steady state error of around 18%, missing our goal of zero error by a large margin.
Additionally, θref saturates
in the experiment, as can be seen in the plot where the tops of the θref

peaks appear truncated. The two specifications that are met are: the overshoot specification, as
zero overshoot is observed and the 7 second settling time specification, as the settling time is
approximately 2.4 seconds.
The experimental results are quite different from the simulation results in terms of steady state
error and suggest that further tuning and testing on the experimental setup has to be done to
achieve our desired specifications. Achieving zero steady state error is the main factor that is
difficult at this step in the design. The integrator that was included in the controller in Part C
does not seem to have a strong effect, most likely due to the effect of the nearby zero, and thus
some additional tuning is required.
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2.5 Ball Stiction Compensation and Final Controller Design
Other than the location of the pole/zero of the current controller, another major factor
affecting the ability to achieve zero steady state error is the presence of ball stiction that prevents
the ball from rolling at small angles. In order to compensate for this, a small angle offset is be
added to the controller so that the minimum angle commanded will always make the ball roll.
This angle is determined through experimentation: the setup is set to manual mode and the beam
angle variable is set to output to the screen. The beam angle is then adjusted until the ball rolls.
At around 2 degrees (0.035 radians) of incline, there is observable ball movement, thus, this
non-linear offset is added in the code (which is available for reference in the Appendix). To
ensure that the nonlinearity is not fed back into the control loop, the offset is only added to the
temporary variable storing θref. This is the same temporary variable to which the gear angle
saturator is applied, to prevent that particular nonlinearity from being fed back into the
controller.
This step helps to reduce the steady state error, however testing reveals that it is still not within
the specifications outlined in the lab. To address this, the controller is tuned for the final time.
This time, the location of the zero in the controller that is particularly close to the integrator (and
thus the origin) is moved further away. This zero is diminishing the effect of the integrator, and
the integrator is responsible for eliminating steady state error. The controller is adjusted directly
in z-domain (after bilinear discretization with same sample period of 1ms) and the final transfer
function is shown below:
C outer (z) =

−0.304556754988075z 3 +0.304434338642471z 2 +0.304556745853209−0.304434347777338
z 3 −2.948481730340125z 2 +2.897127334884682z−0.948645604544557

The final controller is first validated in simulation and produces the response shown in Figures
18, 19 and 20.
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FIGURE 18: 0.10 [m] to 0.25 [m] step response of the T(z)

FIGURE 19: Motor voltage saturation of the T(z) for
a 0.10 [m] to 0.25 [m] step


18

FIGURE 20: Angle saturation [𝜃ref ( t) ] of the T(z) for a 0.10 [m] to 0.25 [m] step
Finally, the controller is tested in the experimental setup and yields the results shown in Figure
21 below.

FIGURE 21: Experimental results of final controller design
19

All specifications outlined in Part E of the lab manual are met by this controller, and are summarized in
Table 3 below. Although θref saturates in this example, this is deemed acceptable in the lab manual

because of the large step size. Additionally, the saturation occurs very briefly and is kept limited
by the saturation block in the code.
Table 3: Final Controller Experimental Performance vs. Required Specifications
Specification

Required Performance

Observed Performance

Step Response Steady State
Error

<4%

Max. 3.4%

Step Response 2% Settling
Time

<10 seconds

Max. 7.3 seconds

Step Response Overshoot

<45%

Max. 2%

The final block diagram representation of the entire system, including all non-linearities and
representations of sample and hold blocks, is presented below in Figure 22. Note that Couter in
the

diagram is the final designed and discretized controller, presented above.

FIGURE 22: Final block diagram representation of the entire system
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3.0 Conclusion
Ultimately, a successful controller is designed that meets the following specifications:
● For a square wave input starting from 0.10 [m] to 0.25 [m]:
○ The step response steady-state error is less than 4%
○ The step response 2% settling time is no more than 10 seconds
○ The step response overshoot is less than 45%
○ 𝜃ref ( t) saturation is permitted, because the step size is so large, but the saturator
must be present.
The process begun by testing a simple lead controller and verifying the issue of steady state error
that exists in the experimental setup. Next, using the emulation approach and the pole placement
technique, a first try at a controller design is attempted. This controller still had considerable
steady state error and thus did not meet all design specifications. Finally, a ball stiction offset is
added to the controller along with an adjustment of a zero. This greatly improves the
performance of the controller and brings it in line with the specifications. The final controller
discrete transfer functions is shown below:
C outer (z) =

−0.304556754988075z 3 +0.304434338642471z 2 +0.304556745853209−0.304434347777338
z 3 −2.948481730340125z 2 +2.897127334884682z−0.948645604544557

The final system values are summarized in Table 4 below.
TABLE 4: Final System Values
Parameters

Values

K1

-1.23

𝛕

0.026 [s]

CWstiction_friction

0.480 [V]

CCWstiction_friction

-0.820 [V]

K2

0.062

K3

4.78 [m/s2]

Ball Stiction

0.035 [rad]

Gear Scaling

gear_ang = -1.2202*pot_V + 8.0914 [rad]

Ball Position Scaling

ball_pos = 0.10467*pot_V - 0.34185 [m]
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Appendix
Part B Discretization Code:
format long;
s = tf('s');
C = -7*((s+0.35)/(s+2.5));
sample_period = 0.001;
C_d = c2d (C, sample_period, 'tustin');
[num, den] = tfdata(C_d,'v');
a
b
c
d

=
=
=
=

num(1);
num(2);
den (1);
den (2);

Part C Code
function C = pp(P,poles)
%% This function solves the pole placement problem.
%% P -- an nth order single-input single-output transfer function
%% poles -- a vector of (2n-1) desired closed-loop poles
%% C -- the resulting controller transfer function of order $n-1$
%Extract plant numerator and denominator
[b,a] = tfdata(P,'v');
a = a(find(a>0,1):end);
%row vector of plant denom
coeff
b = b(find(b>0,1):end);
%row vector of plant numerator coeffs
n = length(a)-1;
m = length(b)-1;
%Build coefficients c = [c_{2n-1}, ... , c_0] of Pi(s), where
% Pi(s) = c_{2n-1}s^(2n-1) + ... + c_1s + c_0
c=1;
for i=1:2*n-1
c = conv([1,-poles(i)],c);
end
c=real(c);
%Build pole placement matrix
M = zeros(2*n);
for j=1:n
M(j:j+n,j) = a';
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M(j+(n-m):j+n,n+j) = b';
end
%Calculate controller
x = M\(c');
f = x(1:n);
g = x(n+1:2*n);
C = tf(g',f');
end

Formula Node Code:
/* ======== USER INTERFACE TEMPLATE ============= */
/* Insert below the code for your scaling, saturation block, and controllers.*/
/* Variables may be declared on the box border, as shown for the input
"Tms" and the output "BallPosn". Variables can also be declared inline as was done
for "Temp1". */
//temp variable used to store the ThRef value applied (with saturator/offset)
float ThRef_real;
//inner
float64
float64
float64
float64

loop controller constants
a = -7.593357131010837;
b = 4.340214179097535;
c = 1;
d = -0.491696413763546;

//Part B Outer Loop
//float64 a_outer =
//float64 b_outer =
//float64 c_outer =
//float64 d_outer =

Controller Coefficients
-6.992484394506866;
6.990037453183520;
1;
-0.997503121098627;

//Part E Outer Loop Controller Coefficients
float64 a_outer1 =
- 0.304556754988075;
float64 b_outer1 = 0.304434338642471;
float64 c_outer1 = 0.304556745853209;
float64 d_outer1 = -0.304434347777338;
float64
float64
float64
float64
float64

i_outer1
f_outer1
g_outer1
h_outer1
offset =

=
1;
=
-2.948481730340125;
=
2.897127334884682;
= -0.948645604544557;
0.035;

/* Shift registers permit previous values of variables to be saved.
The output variable "e" is wired to a shift register input on the For Loop border.
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The inputs "e1" and "e2"are wired to the corresponding shift register outputs.
"e1" holds the value of "e" from the previous iteration and "e2" holds the value of
"e1" from the previous iteration. */
/* Place your sensor SCALING here */
/* NO scaling is provided for the demo */
BallPosn = 0.10467*posV-0.34185; /* V to V */
ServoAng = (-1.2202*angV) + 8.0914; /* V to rad */
/* SCALING end */
if (Loop < 3) /* all shift registers cleared after 3rd iteration; this statement
initializes the shift registers */
{u = e = e_outer = ThRef = posV = angV = ServoAng = BallPosn= 0;}
else
{
if (Manual)
/*manual motor voltage control*/
{
u = MotV;}
else
/*control algorithm*/
{
/* CAUTION: DO NOT load the output of a nonlinear block (e .g., saturator, offset)
into a SHIFT REGISTER,
to avoid introducing a nonlinearity into your controller loop. Create separate
variables to hold nonlinear values.*/
/* Place your outer loop BALL POSITION CONTROLLER below */
e_outer =

ref - BallPosn;

//Part B Controller
//ThRef = -(d_outer/c_outer) * ThRef1 + (a_outer/c_outer)* e_outer +
(b_outer/c_outer)*e_outer1 ;
//Part E Controller
ThRef = -(f_outer1/i_outer1) * ThRef1 - (g_outer1/i_outer1) * ThRef2 (h_outer1/i_outer1) * ThRef3 + (a_outer1/i_outer1) * e_outer + (b_outer1/i_outer1) *
e_outer1 + (c_outer1/i_outer1) * e_outer2 + (d_outer1/i_outer1) * e_outer3;
ThRef_real = ThRef;

//Ball Stiction Offset
if(ThRef_real < 0) {
ThRef_real -= offset;
} else if (ThRef_real > 0) {
ThRef_real += offset;
}
/* Place your gear angle SATURATOR below */
if(ThRef_real < -0.7) {
ThRef_real = -0.7;
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}
else if (ThRef_real > 0.7) {
ThRef_real = 0.7;
}
/* Place your inner loop GEAR ANGLE CONTROLLER below */
//float Kp = -25;
// u = (ThRef_real - ServoAng)* Kp;
e = ThRef_real - ServoAng;
u = -(d/c)*u1 + (a/c)*e + (b/c)*e1;
}
}
/* ThRef, ThRef1, e, e1 are present, but not used in this demo.
However, they will be necessary (at a minimum) when the controllers will be
implemented. */

Setup and final cRIO-9076_RT.vi block diagram
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