
 

An Alternative Derivation of 
the Black and Scholes (B-S) 
Options Pricing Formulas 
Based on Occam’s Razor 

 
 
 

Shirley Redroban 
Arturo Cifuentes 

 
 

www.clapesuc.cl Documento	de	Trabajo	Nº	97	(abril	2021)
	  



An Alternative Derivation of the Black and Scholes (B-S)
Options Pricing Formulas Based on Occam’s Razor

Shirley Redroban
Clapes UC

Pontificia Universidad Católica de Chile
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Abstract

We show that the standard derivation of the Black and Scholes (B-S) options

pricing formulas—using Ito’s lemma, stochastic calculus and other restrictive

assumptions—is unnecessary. We propose a much simpler derivation based on

undergraduate-level statistics, which we think is more intuitive, and should

be the default derivation in all introduction to finance courses. Moreover,

our derivation introduces an important conceptual shift in reference to the

pricing of European options: it focusses on describing probabilistically the

asset price at expiration (t = T ), while circumventing the stochastic process

behind the price evolution between t = 0 and T . In short, we content that

when it comes to valuing European options what matters is the destination

and not the journey.
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1 Introduction

The Black and Scholes (B-S) equation occupies a position of privilege within the fi-

nance and economics landscape. It is considered one of the most remarkable achieve-

ments of the last fifty years; it earned Myron Scholes a Nobel Prize in 1997 (Fischer

Black, the other co-author, had passed away in 1995); and it is celebrated as a won-

derful display of sophisticated mathematical showmanship combined with practical

relevance.

Its derivation is by no means trivial. In fact, in most MBA-level courses it is

skipped: the instructor normally emphasizes its application (how to plug in the

numbers correctly into the formulas to get the right result), rather than torturing

the students with Ito’s lemma and stochastic calculus.

Recall that an option is a contract that gives the right, but not the obligation,

to buy or sell at some future time, certain asset, for a previously agreed price.

European options are options that can only by exercised at expiration (t = T ), but

not before. American options can be exercised at any time between t = 0 and T .

The B-S pricing formulas, which are derived from the B-S equation, are concerned

with European options.

Let X be a random variable that represents the price of an asset. We assume

that we know X0, the price at t = 0. The problem consists of estimating at t = 0 the

value of a call (C) and a put (P ), given K (the strike price), and T (the expiration

time). Recall that the call (put) gives the right to buy (sell) the asset for a price

equal to K. We also assume that we know, or that we have data to estimate, both,

R (the risk-free rate) and σ (the standard deviation of the asset returns, also known

as volatility) for the corresponding time frame. i.e., (0, T ).
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The original derivation of the B-S equation, that is, the one presented in the

original paper and included in all textbooks, and the one taught in all advanced

finance courses, is possibly the most cumbersome derivation one can think of.

The B-S equation is based on the assumption that the asset price evolves from 0

to T according to a stochastic process known as geometric Brownian motion (GBM);

in short:

dX = λXdt+ σXdz (1)

where λ is the expected return; dz represents a Wiener process, that is, dz =

ε
√
dt(ε ∼ N(0, 1)); and σ is the volatility, which is assumed to be constant. Another

necessary assumption is that the asset can be shorted. Then, the argument goes, one

can build a riskless portfolio combining the asset and its derivative, and invoking Ito’s

lemma and a no-arbitrage argument one finally arrives at a stochastic differential

equation, the B-S equation. And depending on the boundary conditions used to

solve this equation one obtains the valuation formula for a call or a put (Black &

Scholes, 1973; Hull, 2015; Kolman, 2013).

Needless to say, proving Ito’s lemma is not trivial, and solving stochastic differ-

ential equations goes beyond the skills of most economics or business students. This,

of course, is not an indictment on either Ito’s lemma or stochastic calculus. And

it is not a statement aimed at criticizing the mathematical acumen of economics or

business students. But relying on such a convoluted way to arrive at the B-S pricing

formulas when there is a much direct way to achieve the same seems unnecessary.
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2 An alternative derivation of the same formulas

This following derivation of the B-S options pricing formulas is not based on Ito’s

lemma, or the GBM assumption, it is based on a much simpler idea: Occam’s razor.

A key observation when estimating the price of a European option is that all

depends on XT , in other words, the probabilistic characterization of the asset price

at T . Therefore, focusing on how the asset price evolves from t = 0 to T is utterly

irrelevant as the option can only be exercised at T .

Thus we can state that:

XT = X0exp(r)

where r is the return for the period. Accordingly, and consistent with a risk-

neutral environment, that is E(r) = R, and recalling that exp(r) ≈ 1 + r we can

write that:

E(XT ) = X0E(exp(r)) ≈ X0E(1+r) = X0(1+E(r)) = X0(1+R) ≈ X0exp(R) (2)

Also, since Log(XT ) = Log(X0) + r, we have that:

St.Dev.(Log(XT )) = St.Dev.(r) = σ (3)

Now let us make the assumption that XT follows a log-normal distribution. The

assumption that prices can be assumed to be log-normally distributed (regardless of

the merits of this assertion) is something most academics swallow without trouble.

Anyway, in principle, this assumption is as defensible as the assumption of GBM for

the asset process.
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Hence if Log(XT ) ∼ N(α, β), the challenge is to determine the parameters α and

β of this log-normal distribution such that we satisfy Eqs. (2) and (3) above.

It is easy to verify that that the following distribution is the appropriate choice:

Log(XT ) ∼ N(Log(X0) +R− σ2

2
, σ) (4)

in other words, by selecting α = Log(X0) + R − σ2

2
and β = σ, we satisfy the

conditions expressed by Eqs. (2) and (3); see Eq. (A.1) in the Appendix.

Having specified the distribution of Log(XT ) estimating the value of the call and

the put is trivial. It reduces to calculating the present value of the future cashflows

by discounting them with the risk-free rate. Thus, we can write (dropping the T to

ease the notation),

C = e−R
∫ ∞
K

(x−K)p(x) dx (5)

and

P = e−R
∫ K

−∞
(K − x)p(x) dx (6)

Then, using Eqs. (A.3), (A.4) and (A.5) from the Appendix, and noting that

p(x) is the probability density function of X when X is log-normal (see Eq. (A.2)),

we can write:

C = e−Reα+
σ2

2 N(σ −K∗)−Ke−RN(−K∗) (7)

and
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P = Ke−RN(K∗)−X0N(σ −K∗) (8)

which after some algebra lead to the well-known B-S pricing formulas:

C = X0N(d1)−Ke−RN(d2) (9)

and

P = Ke−RN(−d2)−X0N(−d1) (10)

with

d1 =
Log(X0)− Log(K) +R + σ2

2

σ
(11)

and

d2 =
Log(X0)− Log(K) +R− σ2

2

σ
(12)

where N(·) denotes the cumulative function of the standard normal distribution.

We argue that this derivation, which is based on undergraduate calculus and

statistics, and does not rely on solving stochastic differential equations or invoking

Ito’s lemma, should be the derivation of choice when teaching this topic.

Some comments are in order:

1. If we had assumed that the asset price followed a GMB (Eq. (1)), by invok-

ing Ito’s lemma, we could have arrived at the conclusion that XT followed

a log-normal distribution with very specific parameters, that is, Log(XT ) ∼
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N(Log(X0) + R − σ2

2
, σ), and then, we could have continued to derive the

B-S pricing formulas via Eqs. (5) and (6). This is indeed what Hull does in

the appendix of Chapter 15 of his book where he derives the B-S valuation

expressions using the conventional derivation, that is, estimating the present

value of the future cashflows, (Hull, 2015). He shows that the approach of

starting from the log-normality of XT is an alternative avenue to arrive at the

same formulas. However, the difference with the derivation we have presented

here is that he knew already (thanks to Ito’s lemma), the parameters of the

log-normal distribution (Hull, 2015). In our case, we have circumvented Ito’s

lemma—and in fact, deriving the B-S equation—by jumping directly to the

pricing expressions. Not only that, we have determined the parameters of the

log-normal distribution by invoking simple statistics. This difference might

appear trivial, but it is indeed profound for it has allowed us to completely

circumvent the nature of the asset stochastic process. Incidentally, a similar

observation can be applied to Lee’s derivation of the B-S formulas based on

the log-normal distribution, (Lee, Chen, & Lee, 2016).

2. The reason we claim that there is a profound conceptual (and perhaps philo-

sophical) difference between our derivation of the B-S expressions and the

original derivation, can be better seen by resorting to an analogy borrowed

from physics.

Suppose we need to calculate the amount of work required to move and object

from position (a) to (b). The term “work” is used here in the sense that is used

in physics (a concept equivalent to energy); we are not using “work” in the

economic sense of the term. In a conservative field (another physics concept),
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the work only depends on the initial (a) position and the final (b) position.

The trajectory followed to move the object from (a) to (b) is irrelevant. On

the other hand, in a non-conservative field the trajectory matters: the work

depends on the trajectory.

Since European options can only be exercised at T , but not before, it makes

sense to focus only on the value of the asset at T . How the asset “gets there”,

is irrelevant. This is exactly what we have done here, we have concentrated

on determining the distribution of XT while disregarding the evolution of the

asset price between 0 and T . That is, we have treated the problem as if we

were dealing with a conservative field.

The conventional derivation of the B-S expressions is based on following the

entire trajectory of the asset price from 0 to T , as if we were dealing with a

non-conservative field. But this is not necessary as we have already shown.

Following the trajectory of the asset price from 0 to T should be reserved to

analyzing American options. But in the case of European options is totally

unnecessary.

To put it differently: when dealing with American options the journey matters.

In the case of European options, it is the destination, not the journey what

matters!

3 Concluding remarks

In summary, the standard derivation of the B-S pricing formulas, that is, the deriva-

tion included in most finance textbooks (although it is frequently skipped in most
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business and economics courses due to its complexity), goes as follows:

1. Assume the process behind the asset price can be described by a GBM; also

assume that short selling is permitted and trading is continuous;

2. Invoking Ito’s lemma write a stochastic differential equation for the price of

the option (call or put) which includes a Wiener process;

3. Build a riskless portfolio combining the asset and the option;

4. Using (3) and a no-arbitrage argument arrive at the B-S equation (a stochastic

differential equation) in which the Wiener process is eliminated;

5. Depending on the boundary conditions employed to solve this equation, obtain

an expression for the value of the call (C) or the put (P ).

The derivation we propose goes as follows:

1. Assume the value of the asset at t = T can be described with a log-normal

distribution;

2. Specify the mean and standard deviation of such distribution, which, in turn,

determines its probability density function;

3. Calculate the value of the options (call or put) by discounting the relevant

future cashflows with the risk-free rate.

Note that in this alternative derivation we are circumventing not only the stochas-

tic process behind the price, but we are also bypassing the B-S equation itself. We

are going directly to the expressions to estimate the value of the options.
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We like to close with two observations: (i) there is no doubt that the original

derivation of the B-S equation is both, clever and beautiful, but—notwithstanding

the Nobel Prize behind it—the fact remains that it is unnecessary cumbersome. We

contend that if there is a simpler way to arrive at the same pricing expressions, that

should be the preferred way to introduce the subject to students who meet options

and derivatives for the first time. This is not to negate the merits of the original

derivation, it is simply an application of the widely accepted Occam’s razor principle;

and (ii) starting with the B-S pricing formulas in 1973, all subsequent efforts aimed

at estimating the value of European options—either by modifying the B-S formulas

or proposing completely different expressions—have been dominated by one common

factor: modeling the stochastic process behind the asset price evolution from t = 0

to T . Our derivation suggests that perhaps a promising avenue to tackle the pricing

of European options is just focusing on the probabilistic characterization of XT ,

rather than the trajectory the price follows from t = 0 to T . We will let future

researchers pursue this avenue.
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Appendix

Suppose that LogX ∼ N(α, β), some useful results:

1] The expected value of X is given by:

E(X) = exp[α +
1

2
β2] (A1)

2] And the corresponding probability density function (pdf), p(x), is

p(x) =
1

β
√

2πx
exp(−1

2

(Logx− α)2

β2
) (A2)

3] If we define K* as

K∗ =
(Log(K)− α)

β
(A3)

then it follows that:

∫ ∞
K

p(x) dx = N(−K∗) (A4)

and also

∫ ∞
K

xp(x) dx = exp(α +
1

2
β2)N(β −K∗) (A5)

In which N(·) denotes the cumulative function of the standard normal distribu-

tion.
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